The associativity of the regular semidirect product of existence varieties introduced by Jones and Trotter was proved under certain conditions by Reilly and Zhang. Here we establish associativity in many new cases. Moreover, we prove that the regular semidirect product is right distributive with respect to the join operation. In particular, both associativity and right distributivity yield within the varieties of completely simple semigroups. Analogous results are obtained for e-pseudovarieties of finite regular semigroups.
Introduction
The wreath product and, more generally, the semidirect product constructions originate in group theory, but they have also been playing a central role in the theory of finite semigroups for a long time. Since a semidirect product or the wreath product of regular semigroups need not be regular, these constructions have been modified in the context of regular semigroups in several ways, see [3, 6, 9] . In the present paper, we deal with the product introduced in [9] by Jones and Trotter. They noticed that Reg (A * B), the set of all regular elements in a usual semidirect product A * B, is a (regular) subsemigroup in A * B provided A and B are regular semigroups and one of them is completely simple. They introduced a partial operation-called the regular semidirect product-on the set of all e-varieties of regular semigroups as follows: if ^ and "f are e-varieties such that ^ or Y c 'gy, the (e-)variety of all completely simple semigroups, then fy * f "V is defined to be the e-variety generated by all semigroups [3] Semidirect product of e-varieties 87 regular semidirect product of completely simple varieties is 'almost always' equal to a regular semidirect product, where one of the factors is a group variety. These two results allow us to obtain from the main result in Section 4 the general associativity result mentioned above. In the last section we summarize our results on e-pseudovarieties. Associativity of another product of e-varieties based on a generalization of the A.-semidirect product to regular semigroups, where the second factor is locally 3?,-unipotent is investigated in [2] .
Preliminaries
For the standard notions and notation in semigroup theory the reader is referred to [7] . A class of regular semigroups is termed an existence variety, or briefly an e-variety ( [5] , see also [11] ) if it is closed under forming direct products, regular subsemigroups and homomorphic images. Note that a class of completely regular semigroups or that of inverse semigroups constitutes an e-variety if and only if it is a variety of unary semigroups in the usual sense when, for a completely regular semigroup, the unary operation maps each element to its inverse within the maximal subgroup containing it, and, for an inverse semigroup, the unary operation maps each element to its unique inverse. For example, the classes of all groups, all completely simple semigroups, all completely regular semigroups, all inverse semigroups, all orthodox semigroups, all locally inverse semigroups, all £-solid semigroups and all regular semigroups form e-varieties. We introduce notation for the following evarieties:
&-trivial semigroups, ±£ 2?-left zero semigroups, -right zero semigroups, rectangular bands, -groups, -left groups, -right groups, -completely simple semigroups, )-completely simple semigroups whose subgroups belong to a group variety Y, f.-completely regular semigroups, -locally inverse semigroups (that is, regular semigroups whose regular submonoids are inverse semigroups), LY-regular semigroups whose regular submonoids belong to an e-variety V, §5?-£-solid semigroups (that is, regular semigroups whose subsemigroup generated by the idempotents is completely regular), -regular semigroups. 88 Bernd Billhardt and Maria B. Szendrei [4] Let ^ be a class of regular semigroups. The e-variety generated by if is denoted by (if)*. Denote by Pif, S r if and Hif the classes consisting of all direct products of members of if, of all regular subsemigroups of members of if and of all homomorphic images of members of if, respectively. It is easy to see that PS r if c S r Pif and YW€ c HP^7. If <«f c LJ or if c gy, then it was proved by Yeh [16] that also S r Hif c HS r if, and, as it is usual with varieties of algebras, we have (if), = HS r Pif. However, the inclusion S r Hif ^ H S^ does not hold for any class if of regular semigroups, and the class (HS r ) 2 if might be larger than H S^, see an example by Kadourek [10] . Using the terminology that a regular semigroup T regularly divides a regular semigroup 5 if T is a homomorphic image of a regular subsemigroup of 5, the latter fact can be expressed also in the way that regular divisibility is not a transitive relation. Put 00^7 . The operator P allows us to form the direct^product of any set of members in the given class. The above inclusions containing P do not imply the inclusion PD°°if c poop^' j i e n c e w e h a v e to iterate the operators D 00 and P transfinitely in order to get (if } e from <€. More precisely, we obtain (if ) e as the union Eif of the following transfinite sequence E,if (i is an ordinal):
and (D°°P(E t y) if i = k + 1 for some ordinal it; E/ v == \ IU*<. ^k& if i is a limit ordinal.
For, it is routine to verify that Eif is closed under the operations P, S r and H, and so it is an e-variety. Furthermore, an easy transfinite induction shows that, for every ordinal i, E& is contained in any e-variety containing if, and so the same is true for Eif. For simplicity, we consider every class of regular semigroups as an abstract class, that is, we suppose that every class contains each isomorphic copy of its members.
If S and T are semigroups, then by writing T < S we mean that T is a subsemigroup in 5. If T is a regular subsemigroup in 5, then we write that T < r S. The set of all regular elements of a semigroup 5 is denoted by Reg(S).
As usual, we denote by S 1 the smallest monoid containing S. Then S 1 is equal to 5 if 5 has an identity element l s , and 5 = 5 U ( l j ) with l s £ 5 otherwise. If T < S [5] Semidirect product of e-varieties 89
and T has no identity, then we choose 1 T to be equal to 1 5 A semidirect or the wreath product of regular semigroups need not be regular. However, Jones and Trotter [9] introduced a regular version of the semidirect product, and initiated the study of the product of e-varieties induced by this product. They noticed that if A and B are regular semigroups, B acts on A and at least one of A and B is completely simple, then Reg (A * B) forms a (regular) subsemigroup 90 Bernd Billhardt and Maria B. Szendrei [6] in A * B, and they defined the regular semidirect product A * r B of A by B to be Reg(A * B). In particular, Reg(A wr B) is a regular subsemigroup in A wr S, which we denote by A wrr B. Since a homomorphism maps regular elements to regular ones, we have (Regt<4 * B))v c Reg(A wr B) for the natural embedding v, and so A * r B is embeddable into A wrr fi as long as the action of B on A is left unitary provided B has an identity.
Given two e-varieties W, V such that f or T^c 'tfy, their regular semidirect product is defined in [9] as follows: <% * r r = (A * r B : A e <&\ B € ^ and B acts on A such that the action is left unitary provided £ has an identity),,.
Since each A * r B in the generating set is embeddable into A wrr B, we obtain the following result.
RESULT 1.1. Iffy and V are e-varieties such that fy orf c <gy, then we have
We also need the following results from [9] . RESULT 
(ii) -Sf ^ c r * r^^ i j r g 4?^, and (iii) [7] Semidirect product of e-varieties 91 RESULT Since every semidirect product of a left zero semigroup by another semigroup is isomorphic to their direct product, we get the following result, see [15] . RESULT 1.6. For any e-variety V, we have &2? * r V = ££2? V Y.
2. Generating sets of W * r V via those of F irst we determine the regular elements of a semidirect product of regular semigroups. This lemma plays a crucial role throughout the paper. In the main result of the section, we prove that if ^, V are e-varieties such that % or y c 'tfy, and f C f such that W = {SC) e , then % * r V = {X wrr B : X e 2C, B e f) e . As a consequence, we obtain that {(A wrr B) wrr C : / l 6 f , B e f , C e W] generates the e-variety (^ * r V) * r "W provided at least two of the e-varieties % ,V,W are in "tfy. Moreover, we establish that (V, £ / %) * r V = V, 6 / (^ *r ^) f o r ^y e-varieties % (i e I) and V if either % c ^^ for each / e / o r f c <^^.
The regular elements in a semidirect product of regular semigroups can be described in the following way. 
Hence it is immediate that a € A • bb 'a, and so a <& bb a.
The reverse inclusion follows if we prove the last statement. , b) 
Hence we see that ((or, &)(/?, c)) <J> = FG, and the proof is complete.
• , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700001853 [10] PROOF. The mapping 4> r defined here is the restriction to regular elements of the embedding <I > given in the previous lemma. Since <J> maps regular elements to regular ones, and an element in the direct product ]~[, e / O^i wrr B) is regular if and only if each of its components is regular, we see that (Reg ((Y[ ie i A,) wr B)) <t > c Y\ ie , Reg (A, wr B). Thus the assertion follows by Lemma 2.6.
•
We can summarize the results obtained so far as follows. PROPOSITION 2.1. Let 3C c &>y and let B e &y such that either SC c or B e <#&. Let Q be one of the operators H, S r , P, D 00 and E = { ) e . Then, for any Q € Q^T, we have QvmB e S r Q{XwrrB : X 6 <T} j / Q = P and gwrr B e Q[X wrr B : X e SC\ otherwise.
PROOF. TO get the statement for the operators H, S r and P, we apply Lemma 2.3, Lemma 2.5 and Lemma 2.7, respectively. By applying the statements obtained for H and S r , an induction on n shows that, for every natural number n, we have Q wrr B € (HS r )"{X wrrB : X € .T}provided Q e (HS r )".2\ Hence we infer the statement for D 00 . Finally, the statements for D°° and P allow us to prove by transfinite induction that, for every ordinal i, we have 2 wrr B 6 E,{X wrr fl : X e f ) provided Q e E,^T. Thus we deduce the statement for E = { ) e . ^.
• Now we are ready to prove the main result of the section.
THEOREM 2.1. Let %, f be e-varieties such that W orY c <#y, and let 3C C.ty such that ty = (3t) e . Then <% * r r = {X wrrfl : X e SC, B e V) e .
PROOF. By Result 1.1, we have ^ * r f = (A wrrfi : A e <%, B e f) e . Hence the inclusion ^ * r ~f 2 {X wrrfi : X e 3£, B e V) e is obvious, and, in order to prove the reverse inclusion, it suffices to show that, for any A € ^/ and B e V, we have A wrrfl € {Xwrrfl : X e SC, B € ~V) e . However, this follows immediately from Proposition 2.1.
• This theorem has two important corollaries. The first one is applied in Section 4 when proving associativity of the regular semidirect product under certain conditions. •
The second corollary is the right distributivity of the regular semidirect product with respect to the join operation. ( \J %y r r={x wrr B : X e (J %, B e r) c / \]{% * r t)) = \j\% * r r).
The reverse inclusion is obvious. D
Generating sets of ^ * r V via those of V
The topic of this section is similar to the topic of Section 2. It is natural to try to follow the line developed in the previous section. However, the analogue of Lemma 2.6 (or, equivalently, that of Lemma 2.7) does not hold even for groups (see [14, pp. 39-40] ). Thus the analogues of Theorem 2.1 and Corollary 2.1 are proved only under certain restrictions.
For our later convenience, first we introduce a generalization of the wreath product and regular wreath product constructions. ((a, 6)(/3, c))4> = (a • *j8, fcc)<I> = ((a [13] Semidirect product of e-varieties 97 and
In order to verify that these elements are equal, it suffices to check the equality of the first components. Consider any x € Z?',then
Since (a • */?)#' is the unique mapping such that a PROOF. Clearly, P r = P D (A wrr 5 ) , where P is the subsemigroup in A w r B introduced in the previous lemma. Therefore, P r is a subsemigroup in A wrrB. We intend to prove that P r is regular. Let (a, b) € P r , then it is a regular element in A wr 5 , and so, by Lemma 2.1, there exists b' € V (6) . Then, clearly, we have £ e V^a), and Lemma 2.1 ensures that (*£, 6') 6 V((a, £)). However, ker</>' c kera, which implies by the definition of £ that also ker0' c ker£ and k e r 0 ' c ker*£. Thus (*£, 6') € P r , showing that (a, b) is regular also in P r . Consequently, we have P r = Reg(P) < r A wrr S.
The mapping defined in the lemma is the restriction to P r of the homomorphism given in the previous lemma. Therefore, in order to prove the second statement, it suffices to show that if ((5, b) e Reg(A wr B), then there exists (a, b) e P r such that 
Bernd Billhardt and Maria B. Szendrei [14] and so The condition that ~V = D 00 ^" seems to be rather strong in general. However, if J c t / o r gy, then D°°& = HS r^T , and so f = D°°^T is satisfied if and only if y = (<2T) e and P JT c HS r^T . Thus we obtain the following corollary. 
Associativity of the regular semidirect product
The aim of this section is to prove by applying the tools developed in the former sections that (^ * r V) * r W = % * r (V *
product has an identity element. Then we introduce a construction originating in the wreath product of transformation semigroups (see [4, 13] ), and obtain a new generating set 3f" for the e-varieties considered in Corollary 3. The following construction which comes from the notion of the wreath product of transformation semigroups plays a crucial role in this section. . Therefore, £ can be considered as an element in (B') c ', and so (£, x) e B 1 wr C 1 . Since (/J, c) is the image of (ft, c) via the natural embedding of B wrr C, considered as a regular semidirect product fi 
= (t;, X )a • (!; -X B,XCW = (t;,x)Z • ((!;,X)(P,C))Z
Thus we have shown that 4> is an embedding. In particular, it assigns regular elements to regular elements. So its restriction to A wrr (B wrr C)[B l wr C 1 ] is an embedding into (A Bi ™c'yB cl )'xC K ( f i c w r r Q T h e l a t t e r s e m ig r o u p obviously belongs to &*, and so we proved that A wrr (B wrr C) € HS r^* . D
The following lemma is, actually, a consequence of the associativity of the wreath product of transformation semigroups (see [4, 13] ). For completeness, we give a proof in our setting. Hence we obtain that xC ' * r (B wrr C). Since both the isomorphism * and its inverse assign regular elements to regular ones, we infer from Lemma 4.3 that Reg((A wr B) wr C) is a regular^subsemigroup in (A wr fi) wr C and * r is an isomorphism. Since Reg((A wrr B) wr C) c Reg((A wr B) wr C), we obtain that (A wrr B) wrr C < r Reg((A wr#) wr C).
• An immediate consequence of this lemma is the following result. In the rest of this section we look for special cases, where the reverse inclusion also holds. First we find sufficient conditions which ensure that & = 2f*. , (b, c) ) is an isomorphism.
( that (a, (b, c) ) € Reg (A wr (B x C) Define a : B 1 x C 1 -*• A in the following way: 
(x,y)a =
Recall that B € J£?^ and C € ^y\^, and therefore neither B nor C has an identity. Hence it follows that a is well defined. We verify ((a, b) , c) e (A B ' xC ' * r B) * r C by showing that (4) and (5) 
S. Regular semidirect products of varieties of completely simple semigroups
In this section we first investigate the regular semidirect products, where one of the factors is a variety of rectangular bands. Then we show that 'almost each' regular semidirect product of completely simple e-varieties is equal to a regular semidirect product, where one of the factors is a group variety. This allows us to generalize The regular semidirect products y * r &?,2f with "Y any e-variety are much larger in general than !%% v "f, and they turned out to be especially interesting, see [8, 9] . Now we establish that this is not the case with the regular semidirect products of the In the following two propositions we provide regular semidirect products which are equal to regular semidirect products one of whose factors is a variety of groups. As a corollary, we establish that 'almost always' this is the case with regular semidirect products of varieties of completely simple semigroups. Finally, we return to investigate associativity of the regular semidirect product, and prove the main result of the paper. (ii) y , f c <gy.
Then {<% * r 7) * r W = <% * r (? * r W). 
Regular semidirect products of e-pseudovarieties
In this section we review the former arguments from the point of view how they carry over to e-pseudovarieties of finite regular semigroups. We find that both right distributivity with respect to the join operation and associativity hold in the complete lattice of e-pseudovarieties.
The finitary analogue of the concept of an e-variety is the following (see [12] ): an e-pseudovariety is a class of finite regular semigroups which is closed under the formation of finite direct products, regular subsemigroups and homomorphic images. Notice that the class of all finite members of an e-variety forms an e-pseudovariety.
Throughout this section, the notation of the previous sections is used with the appropriate modification 'cut down to the finite case' in its meaning. In particular, a notation used till now for an e-variety will stand for the e-pseudovariety of all of its finite members. For example, *€y denotes the e-pseudovariety of all finite completely simple semigroups and 'tfyi'V) its sub-e-pseudovariety consisting of all members whose subgroups belong to a given e-pseudovariety "¥ of finite groups. Moreover, if î s a class of finite regular semigroups, then {^) e is understood as the e-pseudovariety generated by <€ and PJ^ as the class of all finite direct products of members of c €. In the context of e-pseudovarieties, the difficulty mentioned in Section 1 in connection with expressing the generated e-variety by means of the operators D°° and P does not occur: we have {^) e = D^P^ for every class ^ of finite regular semigroups ( [12] ). This is the reason that more general results are obtained for e-pseudovarieties than for e-varieties.
The definition of the regular semidirect product * r of e-varieties carries over immediately to e-pseudovarieties. As it was noticed in [1] , Result 1.1-Result 1.5 remain valid in the latter context. One can easily see that the same is the case with Result 1.6 and with the results in Section 2. In particular, the finitary analogue of Corollary 2.2 formulates the right distributivity of the regular semidirect product of e-pseudovarieties with respect to their join. COROLLARY 6.1. Let % (i e I) and f be e-pseudovarieties such that either % c <€& for each i e / orf c <gy. Then we have (V, 6/ %) * r V = V, 6 / i% *r *0-Similarly, one can check that the statement of Theorem 3.1 is also valid for epseudovarieties instead of e-varieties-JSince, for e-pseudovarieties, the equality yYf°SC is equivalent to requiring that Y = {X) e and Y5C c D 00^" , the analogue of Corollary 3.1 is the following corollary. 
